©0ne Sl‘uare Sy;"'em = Two Tﬁangu'ar Systems

A% =b

Supposc zhm?na—(aan ve%uzrcs no row exc,hanscs,

A=LU
LUA=58
2Ux=["b=C¢C

We hae LUZ=C here LLC=h

l. Fao"'or A = LU bt’ é’aussian elimnation £ = L-l_l?
2. Solve & from L€ = b (forward eliminatrmn) and +hen solve U Z = ¢ (back elimination)
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© Comp’exi-[:x} of Elimination

(D Solve A x= _b.
au an. n aln

A = azl azz " azn - L LJ
an. anz " alm

Elimination  lst stage : n (n-1) 2 Nn°
(% maltiplications and % additions)

Zmlsfage‘ (n-1)?
3ml.s+a3e= (n-2)*%

n* + (n-0*+ «+-+12=4n(n+L)(n+1)
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[+2+w+4n = n(gf’)%%‘

5 =%z+ L n’<<%
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@ Compu‘(’,e A—l
Cole ALK %] = [ @& we]

where € = £th wmponen-é =1
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Elimination : A = L U % = %
Solve ¢ 4
0
L gi = ﬁ = _—i /\/eecl ‘1'0 Solve (n*I.-I‘I) Var-fable5
¢ % = (n-i+)*
2
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Sinoelslsn, &:%-’-%-’-ooo-l—%-flzz%
— _n
Uzx==C %= f
. n* 3
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w

3 3
To+qla«=%+%+%: n

Compareal with R for Az" A-A: n-n"=n’

@ Transposes and Permutations
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A= A :[P_O]
[0 ° % transpose of A 3 Y

(AT)U: Ay

C’hi_m_(A"'B)T:AT*BT

Clin (A B) = BA"  Amm Bimxt

Pt [(AB)] i = (AB)ji = Kim; Ajk. Bxi ’K%(AT)@ (BT
= LB U = (BTA) i) .

Remwk (ABC) = CTBTA

% <A~I)T=(AT)'1

fof AA'=1 2 (ATAT=1"-1 } T Ty

r AA=1T 2 A(A)'=17=T 7 (A= (A,

Def  An nxn matvix A 1 symme-tic i A=A,

Remark AT‘) = Aj( A symmeHiC.
A = I 2 AT _ | o ]_ T
- 5 = A D = olo |~ D
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Cloim ~ Given ony matrx R, RTR 14 sy mme-Hic.
nxm mxn nxmM

ot (RTR)'=R(R")T= R'R ,

Remark RRT 13 a'SD symme-l-rTo,

2
A= [ |Z d ] S ymme e,

(27T 0anT=(03])
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A=LD LT TransPose

Uoim If o symmetric matrix is factored mto LDU with no row eKohange.S )
then U= LT,

of A=LDU A=y D'LT=U"DL"
Sine A B symmetric, A=L D U= U™D L’
Recall that +hix Factorization 1s unigue. We +hen have U= LT. o

Def A permutokion madrix has -the rows of the identity Tt any order

There are _b 3x3 Fermu—h'b?on motrices .
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s There are N!  permutation modtices of order n.

Cloim T P oa permutation matrix, then E-i':f-r.
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P=[o|oo—~-0} PT={ _ } )
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2th row ith column



(P ‘r)“ 1 frali
(2P7)ij =0 if i%j.

pr=1. .

=
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Recall if no row onhanjes are reztuiml, #en A= LUJ.

1f row exchan\,es are neea’ecl, we “then have
(P~ E - 4 - E)A =_LJ
SA=(Ewp wpEgtep’) U

Tf row exchanges ore needed during elimination, we can do them in advance.
The product PA  will put the rows in the right order S0 4hab np row e,xahangcg

ore needed for PA.  Hence PA=LU.

¥ v
—
N - o
S N~
-~ -
[ J

A%

5
KN
r/—
M o ~
= =N
_— - -
|
,‘<~(L
w
A
—
o Q -
\ﬂ\-p
-_) ==~
-1

4
/

o |
[.a
00
P

-~ Q QO
| )
N ~ o
DSy~
- - -
-
)
—
N Q —
T w—= 0o
- 9 ©°
| R
—
S QO ~

T€ we hold row exdmmgeﬁ wnti| after eliminatron, we +then have A=LHY
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